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1. Below we will give an algorithm which computes the coefficients of the
product of two square matrices A and B of order » from the coefficients of A
and B with less than 4.7 . n*¥7

paper are for base 2, thus log 7 & 2.8; the usual method requires approximately

arithmetical operations (all logarithms in this

2n? arithmetical operations). The algorithm induces algorithms for inverting a
matrix of order », solving a system of » linear equations in » unknowns, com
puting a determinant of order  etc. all requiring less than const #'*7” arithmetical
operations

This fact should be compared with the result of KLyvyev and Kokovkix
SHCHERBAK [1) that Gaussian elimination for solving a system of linearequations
is optimal if one restricts oneself to operations upon rows and columns as a
whole. We also note that WINOGRAD [2] modifies the usual algorithms for matrix
multiplication and inversion and for solving systems of linear equations, trading
roughly half of the multiplications for additions and subtractions

It is a pleasure to thank D, BriLLINGER for inspiring discussions about the present
subject and St. Cook and B. ParrLery for encouraging me to write this paper

2. We define algorithms «,, , which multiply matrices of order m2*, by in
duction on k: a,, o is the usual algorithm for matrix multiplication (requiring
1) additions). e, , already being known, define

m?* multiplications and m?*(m
%y 4 +1 @8 follows:

If A, B are matrices of order m2* * ' to be multiplied, write

Ay Ay By, By, Cia ’l:)
4 } AR
A ( ), B (/e._., /"._,,)' AB=( ' M),

Agy Agy
where the 4,,, B,,, C,, are matrices of order m2*. Then compute

e I ("lll U '.1?1](1{11 ¥ [“”:
Il = (Agy A4y By,
111 = Ay (Byg— Byy),
IV = Agy(— By, + By),

v (Ayy+ Ayg) Byy,
VI (=Ayy 4 Agy) (Byy + Byy),
VI = (Ay3 — Agy) (Byy -+ Bao).

* The results have been found while the author was at the Department of Statistics
of the University of California, Berke The author wishes to thank the National
Science Foundation for their support (NSF GP-7454)
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One-level Strassen’s Algorithm (In theory)

Assume m, n, and k are all even. A, B, and C are mx k, k X n, m X n
matrices, respectively. Letting

Coo  Coi A Aol Boo Bo1
C = A= B =
( Cio Gia ) ( Ao An ) ( Bio Bu )

+= : D QR T ey

We can compute C := C + AB by .

Direct Computation Strassen’s Algorithm

Mo := (Aoo + A11)(Boo + Bi1);
M = (Ao + A11)Boo;
My = Aoo(Bol — 311);

Coo := AooBoo + Ao1B1o + Coo; Ms := A (Bio — Boo):

Co1 1= AooBo1 + Ao1B11 + Coi; M; = (Aoo + Ao1)Bu;
C10 := A10Boo + A11B10 + Co; Ms := (A1 — Aoo)(Boo + Boz);
C11 := A1oBo1 + A1 B + Cus; Ms := (Ao — A11)(Bio + Bu);

Coo := Mo + M3 — My + M7 + Coo;
Co1 := Mz + My + Cos;
Cio := M1 + M3 + Cio;
Ci1 .= Mo — My + M + Ms + Cia.

8 multiplications, 8 additions 7 multiplications, 22 additions

*Strassen, Volker. "Gaussian elimination is not optimal." Numerische Mathematik 13, no. 4 (1969): 354-356.



Multi-level Strassen’s Algorithm (In theory)

e Eﬁ""iiﬂif’f’wﬂ); +  One-level Strassen (1+14.3% speedup)
1 10 11700’ . . . . . . .
My 2= Ago(Bor=B11); > 8 multiplications — 7 multiplications ;
My := Ay (Bio=Bo); « Two-level Strassen (1+30.6% speedup)
M, = EA00+A01))(BH; ) > 64 multiplications — 49 multiplications;
M = (A19=Aoo) (Boot By
. B} 3/2.803
M, = (Ag,-As ) Byt By, ); d-level Strassen (n°/n speedup)
Coo += My + My - M, + M, > 89 multiplications — 79 multiplications;
Cor += M, + M, If originally m = n = k = 29, where d is an integer,
Co+= M, + M, then the cost becomes

Co+= M, - M, + M, + M, (7/8)982(M 23 = plogx(7/8)23 n 292807 flops,



Multi-level Strassen’s Algorithm (In theory)

° - 0
My := (Ayo+A;) (Bt Byy); One I:vel IStlrassen (1+714.3I /O|Speedup)
> multiplications multiplications ;
M, := (A1p+A11)Boo P -~ P
. . «  Two-level Strassen (1+30.6% speedup)
M, = Ay (By1~By1); o o
Moo= A (BB » 64 multiplications — 49 multiplications;
3= A11(Bro=Boo); «  d-level Strassen (n3/n28% speedup)
M, := (Ao +Ag1)Byy; > 84 multiplications — 79 multiplications;
M1~ (o= Aoo) (B B4, Speed f St DGEMM for S Matri
eedup of Strassen over or Square Matrices

Mg := (Ay1=A11) (ByotByy); 6 pee! p[ — rr-.-[q ——
Coo += My + My - M, + M, —— DGEMM (Baseline) _

One-level Strassen (Theoretical)
Coy +=M,+ M, 5 | | —— Two-level Strassen (Theoretical) 1

Multi-level Strassen (Theoretical)

10 10 10
m=n=Kk



Strassen’s Algorithm (In practice)

1= (Ago+411) (Byot+By1);
= (A1otA11)Byp;

1= Ayo(By1—B11);

:= Ay1(Byo~Boyo);

:= (AgotAg1)Bis;

i= (Ay9~Aoo) (ByotBy1);
Mg := (Ay1—=A11) (Byot Byy);
Coo += My + M; - M, + M,
Cy += M, + M,

Cip+=M + M,

C,+= My - M, + M, + M

Speedup of Strassen over DGEMM for Square Matrices

SIXXXX

—— DGEMM (Baseline)

—— One-level Strassen (Theoretical)
5 | | = Two-level Strassen (Theoretical)

——— Multi-level Strassen (Theoretical)

10
m=n=Kk



Strassen’s Algorithm (In practice)

My = (A00+A11)(Boo+511)
M, = (WQBOO»

M, = Ay, 'B(F_B_')

M; 2= A11(m)

M, = (Wl)Bll'

My = (Ap=Ayg )(WD
M := (W)(Wl)
Coo += My + M; - M, + M,
Cy += M, + M,
Cip+=M + M,

Speedup of Strassen over DGEMM for Square Matrices

—— DGEMM (Baseline)

—— One-level Strassen (Theoretical)
5 | | = Two-level Strassen (Theoretical)

——— Multi-level Strassen (Theoretical)

m=n=Kk

10

One-level Strassen (1+14.3% speedup)
» 7 multiplications + 22 additions;

Two-level Strassen (1+30.6% speedup)
» 49 multiplications + 344 additions;



Strassen’s Algorithm (In practice)

My = (4, 0+A11)(B o+B11)
M, = (WQBOO»

M, = Ay, 'B(F_B_')

M; 2= A11(m)

M, = (Wl)Bll'

My 2= W)(WD
M := (W)(Wl)
Coo += My + M; - M, + M,
Cy += M, + M,

Cip+=M + M,

Speedup of Strassen over DGEMM for Square Matrices

 One-level Strassen (1+14.3% speedup)
» 7 multiplications + 22 additions;

« Two-level Strassen (1+30.6% speedup)
» 49 multiplications + 344 additions;

« d-level Strassen (n3/n%8093 speedup)
» Numerical unstable; Not achievable

Speedup of Strassen over DGEMM for Square Matrices

.
t"
3

—— DGEMM (Baseline)

—— One-level Strassen (Theoretical)
5 | | = Two-level Strassen (Theoretical)

——— Multi-level Strassen (Theoretical)
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To achieve practical high performance
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of Strassen’s algorithm......
............. |
- | Conventional Our
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Matrix Size Must be large .

Matrix Shape Must be square .
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To achieve practical high performance
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To achieve practical high performance

; :
of Strassen’s algorithm......
Conventional Our
Implementations Implementations
Matrix Size Must be large . c += |alx B 3(_/. °\‘:

Matrix Shape Must be square .

-y pa— p— pa—

No Additional ,_
Workspace x .

ey pa— p— P—

Parallelism Usually task parallelism.

i )
Can be data parallelism {{

oo P ke P
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Level-3 BLAS Matrix-Matrix Multiplication
(GEMM)

* (General) matrix-matrix multiplication (GEMM) Is
supported in the level-3 BLAS* interface as
dgemm( transa, transb, m, n, Kk,
alpha, A, lda, B, ldb,
beta, C, ldc )
* Ignoring transa and transbh, GEMM computes

C .= aAB+ 5C;

« We consider the simplified version of GEMM
C.=adAB+ C

*Dongarra, Jack J., et al. "A set of level 3 basic linear algebra subprograms."4ACM Transactions on Mathematical Software (TOMS) 16.1 (1990): 1-17.



State-of-the-art GEMM In BLIS

BLAS-like Library Instantiation Software (BLIS) is a portable framework for

instantiating BLAS-like dense linear algebra libraries.

U Field Van Zee, and Robert van de Geijn. “BLIS: A Framework for Rapidly Instantiating BLAS Functionality." ACM TOMS 41.3
(2015): 14.

BLIS provides a refactoring of GotoBLAS algorithm (best-known approach) to

Implement GEMM.

U Kazushige Goto, and Robert van de Geijn. "High-performance implementation of the level-3 BLAS." ACM TOMS 35.1 (2008): 4.
U Kazushige Goto, and Robert van de Geijn. "Anatomy of high-performance matrix multiplication." ACM TOMS 34.3 (2008): 12.

GEMM implementation in BLIS has 6-layers of loops. The outer 5 loops are
written in C. The inner-most loop (micro-kernel) is written in assembly for high
performance.

» Partition matrices into smaller blocks to fit into the different memory hierarchy.

» The order of these loops is designed to utilize the cache reuse rate.



State-of-the-art GEMM In BLIS

BLAS-like Library Instantiation Software (BLIS) is a portable framework for
instantiating BLAS-like dense linear algebra libraries.

U Field Van Zee, and Robert van de Geijn. “BLIS: A Framework for Rapidly Instantiating BLAS Functionality." ACM TOMS 41.3
(2015): 14.

BLIS provides a refactoring of GotoBLAS algorithm (best-known approach) to
Implement GEMM.

U Kazushige Goto, and Robert van de Geijn. "High-performance implementation of the level-3 BLAS." ACM TOMS 35.1 (2008): 4.
U Kazushige Goto, and Robert van de Geijn. "Anatomy of high-performance matrix multiplication." ACM TOMS 34.3 (2008): 12.

GEMM implementation in BLIS has 6-layers of loops. The outer 5 loops are
written in C. The inner-most loop (micro-kernel) is written in assembly for high
performance.

» Partition matrices into smaller blocks to fit into the different memory hierarchy.

» The order of these loops is designed to utilize the cache reuse rate.

BLIS opens the black box of GEMM, leading to many applications built on BLIS.

U Chenhan D. Yu, Jianyu Huang, Woody Austin, Bo Xiao, and George Biros. "Performance Optimization for the k-Nearest Neighbors
Kernel on x86 Architectures." In SC’15.

U Jianyu Huang, Tyler Smith, Greg Henry, and Robert van de Geijn. “Strassen’s Algorithm Reloaded.” In SC’16.
U Devin Matthews. “High-Performance Tensor Contraction without BLAS.”, arXiv:1607.00291
U Paul Springer, Paolo Bientinesi. “Design of a High-performance GEMM-like Tensor-Tensor Multiplication”, arXiv:1607.00145



GotoBLAS algorithm for GEMM in BLIS
n k n

—_—)

A kuB

C |iem

"

*Field G. Van Zee, and Tyler M. Smith. “Implementing high-performance
complex matrix multiplication." In ACM Transactions on Mathematical
Software (TOMS), accepted pending modifications.



5% loop around micro-kernel ~

e " GotoBLAS algorithm for GEMM in BLIS
i A B; n k n

C A XIB

m +=m

Loop 5 for jo.=0: n—1 steps of n.
TJc=Jc i jet+nc—1

J main memory endfor

*Field G. Van Zee, and Tyler M. Smith. “Implementing high-performance
complex matrix multiplication." In ACM Transactions on Mathematical
Software (TOMS), accepted pending modifications.

G




5th loop around micro-kernel

[—J main memory
I L3 cache

I—‘—\
A B
4t loop around micro-kernel
Ao kc‘[ By
I_'_l
ke
Pack B, — B,

GotoBLAS algorithm for GEMM in BLIS
n k n

—_—)

A XIB

C

m +=m

Loop 5 for jo.=0: n—1 steps of n.
Jc=Jc i jetnc—1
Loop 4 for p. =0 : k—1 steps of k.
Pc=pc: Pc+’55_1
B(PC1JC) — BP

endfor
endfor

*Field G. Van Zee, and Tyler M. Smith. “Implementing high-performance
complex matrix multiplication." In ACM Transactions on Mathematical
Software (TOMS), accepted pending modifications.



5% loop around micro-kernel ~

e " GotoBLAS algorithm for GEMM in BLIS
+=
e A, I B
4™ loop around micro-kernel N LOOp 5 for jC =0:n—1 Steps of ne
c A kc{ 5. Jc=Jjc : jet+tnc—1
Loop 4 for p. =0 : k—1 steps of k.
+= ’Pc:Pc5Pc+’i€—1
= B(Pc, Jc) — Bp
- Loop 3 for ic=0: m—1 steps of m¢
3 |oop around micro-kernel Pack B, — B, IC = iC . "'C + me — 1
R | PR 5] Alde Pe) = A
+=
Pack A— ATI
A
—
ke
endfor
endfor
[—J main memory
I L3 cache endfor
[ L2 cache
*Field G. Van Zee, and Tyler M. Smith. “Implementing high-performance
complex matrix multiplication." In ACM Transactions on Mathematical
) Software (TOMS), accepted pending modifications.




5th loop around micro-kernel

'—I—| ’—I—\
4th Joop around micro-kernel
Ci AP kc‘[ Bp
I_'_l
ke
Pack B B
3 |oop around micro-kernel p — Pp
C

-

FR

Pack A— 'E\.

+=

2"d |oop around micro-kernel

[—J main memory
I 13 cache
[ L2 cache

A il B,
mR-[
4=
I_'_l
ke

GotoBLAS algorithm for GEMM in BLIS
n k n

—_—)

A XIB

C

m +=m

Loop 5 for jo.=0: n—1 steps of n.
Jc=Jc i jetnc—1
Loop 4 for p. =0 : k—1 steps of k.
Pec=pc: Pc"”fg—l
B(PC: jc) — BP
Loop 3 for ic=0: m—1 steps of m¢
IC:’-C . f'c—l‘mﬁ/_l
A(ICJPC) — Aj
// macro-kernel
Loop 2 for jr =0 : nc —1 steps of n,
Tr=Jr  jrtn,—1

endfor
endfor
endfor
endfor

*Field G. Van Zee, and Tyler M. Smith. “Implementing high-performance
complex matrix multiplication." In ACM Transactions on Mathematical
Software (TOMS), accepted pending modifications.



5% loop around micro-kernel ~

e " GotoBLAS algorithm for GEMM in BLIS
G A B n k n
+=
[ D7 IB
4th Joop around micro-kernel N LOOp 5 fOI’ JCZO n—1 steps Of N
Jc=Jc ! je+nc—1
¥ P k°{ i Loop 4 for p. =0 : k—1 steps of k.
+= ’Pc:Pc5Pc+’i€—1
o B(Pc, Jc) — Bp
- Loop 3 for ic=0: m—1 steps of m¢
3 |oop around micro-kernel Pack B, — B, IC = iC . s"c + me — 1
R | PR 5] ) kil pude
4= // macro-kernel
- 3 Loop 2 for jr=0: nc —1 steps of n,
Pack A— A Jr :jr : jr_I_nr — 1
2" Joop around micro-kernel LOOp 1 for "'f’ =0: Mc — 1 steps of my
,_nnR_\ Ir:jr:fr‘l_mr_l

{--

1%t loop around micro-kernel

el — endfor
4= - I}kc endfor
Update C; endfor

endfor
[—J main memory
I L3 cache endfor
[ L2 cache
= Ir-gg(igtc:ri *Field G. Van Zee, and Tyler M. Smith. “Implementing high-performance

complex matrix multiplication." In ACM Transactions on Mathematical

)) Software (TOMS), accepted pending modifications.




5th loop around micro-kernel

A

4th Joop around micro-kernel

Ap

—
ke

kc{

3 |oop around micro-kernel

Pack B, — B,

Pack A— 'E\.

{--

Ci ]» me me ‘[ Ai
+=
2"d |oop around micro-kernel

Ng

——

Ci
me |
Update C;

1%t loop around micro-kernel

[—J main memory

I L3 cache
[ L2 cache
[ L1 cache
B registers

micro-kernel

-Hl

_ 1
‘T' I
= 1

GotoBLAS algorithm for GEMM in BLIS

m

n

C |..

k

—_—)

A

n
B

A

Loop 5 for jo.=0: n—1 steps of n.
Jc=Jc ! je+nc—1

Loop 4

Loop 3

Loop 2

Loop 1

Loop O

for p.=0:
Pc=pc :

k —1 steps of k.
Pc+‘§£—1

B(PC:jC) — BP
for ic=0: m—1 steps of m¢

IC = i
A(Z.,

c . fc+m£_1
Pc) = A

// macro-kernel
for jr =0 : nc —1 steps of n,

Jr :fr

. jr"‘nr - 1

for iy =0 : m.—1 steps of m,

Lr=ip:ip+m,—1
//micro-kernel
for p, =0: pc—1 steps of 1
Cc(Ir: jr) += aAi(Z,, pr) Bp(Pr: Jr)
endfor
endfor
endfor
endfor
endfor
endfor

*Field G. Van Zee, and Tyler M. Smith. “Implementing high-performance
complex matrix multiplication." In ACM Transactions on Mathematical
Software (TOMS), accepted pending modifications.



5% loop around micro-kernel ~

e " GotoBLAS algorithm for GEMM in BLIS
G A B n k n
+=
[ D7 IB
4th Joop around micro-kernel N LOOp 5 fOI’ JCZO n—1 steps Of ne
Jc=Jc ! je+nc—1
¥ A k°{ i Loop 4 for p. =0 : k—1 steps of k.
+= ’Pc:Pc5Pc+’i€—1
. B(Pc, Jc) — Bp
- Loop 3 for ic=0: m—1 steps of m¢
3 |oop around micro-kernel Pack B, — B, IC = iC . s"c + me — 1

R | PR 5] ) kil pude

4= // macro-kernel

~ Loop 2 for jr =0 : nc —1 steps of n,
Pack A— A Jr :jr . .fr‘|‘nr -1
| 2m|oop around micro-kernel LOOP 1 fOr "'f’ - 0 . mc - 1 StEPS Of mr
,_nnR_\ Ir:jr:fr‘l_mr_l

{ //micro-kernel
Loop O for p, =0: pc—1 steps of 1

Ce(Zr, Tr) 4= @A(Z,, pr) Bp(pr, Tr)

1%t loop around micro-kernel endfor
e FH endfor
4= - ke endfor
Update C; endfor
micro-kernel endfor
[—J main memory
B 13 cache WL 1 endfor
[ L2 cache _ "
= ng:’tc:ri ! *Field G. Van Zee, and Tyler M. Smith. “Implementing high-performance
complex matrix multiplication." In ACM Transactions on Mathematical

)) Software (TOMS), accepted pending modifications.
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One-level Strassen’s Algorithm Reloaded

i= o(Agot+411) (Byot+B11);

= o(A1p+A11)Boos

1= oAy (Bo1—Bi1);

= oAy 1(B1o—Byo);

1= 0(Agp+Ag) By I—>
1= o(A19-Aoo) (BootBor)s

Mg := a(Ay1-A11) (Bro+B11);

Coo += My + M; - M, + M,

Cor =M, + M,
Cio
Ciy

SIXXXXX

+= M, + M,

General operation for one-level Strassen:

My := a(Ay+A11) (ByotBy1); Coo += My; €1 += M,
M, := a(Ap+A11)Byo; Cio += My; Gy —= M;;
M, := aAyo(By1-By1); Coy += My; Gy += My;
My := a4y, (B9~ Byp); Coo += M5; Gy += M;;
M, := a(Agp+Ae1)B1s; Coy += My, Cog —= M;
Ms := a(Ayg-Ayo) (Boot+Bo1)s Gy += Ms;

My := a(Ay-A11) (Bro+B11); Coo += M

M= o(X+ V) (V4 W);

C+=M, D+=M,

M = o(X+o 1) (Ve W);
yOl V1;6;8 € {'1, O, 1}

C+=y,M, D+=vy,M,




High-performance implementation of the general operation?

M:= a(XFoY)(V+eW); C+=vy,M, D+=vy,M,
VO, Y1;818 € {'1, O, 1}.



M:= a(X+o V) (V+eW); C+=vy,M;, D+=v,M,
Yo V10,€ € {-1, 0, 1}.
n

Fﬂ

k n

Y w
X x k|| |V

m

*Jianyu Huang, Tyler Smith, Greg Henry, and Robert van de Geijn.
“Strassen’s Algorithm Reloaded.” In SC’16.



M:= a(X+o V) (V+eW); C+=vy,M;, D+=v,M,

Yo V10,€ € {-1, 0, 1}.
n k

Y

C —m | |X

m

Loop 5 for jo.=0: n—1 steps of n.
Tc=Jc : jetnc—1

endfor

*Jianyu Huang, Tyler Smith, Greg Henry, and Robert van de Geijn.

“Strassen’s Algorithm Reloaded.” In SC’16.

X k

n

w

vV

5th loop around micro-kernel

Nc

[—J main memory




M:= a(X+o V) (V+eW); C+=vy,M;, D+=v,M,
Yo V10,€ € {-1, 0, 1}.
n k n

Loop 5 for jo.=0: n—1 steps of n.
Jc=Jc i jet+nc—1
Loop 4 for p. =0 : k—1 steps of k.
Pc=pc : pctkc—1

V(Pc, Tc) + eW(Pc, Tc) — Ep

m

endfor
endfor

*Jianyu Huang, Tyler Smith, Greg Henry, and Robert van de Geijn.
“Strassen’s Algorithm Reloaded.” In SC’16.

~

5th loop around micro-kernel

Nc

l—‘—| I—‘—\
D | Y
G X v,
4=
4t Joop around micro-kernel
7% I P
XP Vp
+=
—
ke

[—J main memory
I L3 cache

Pack V,+eW, — B,




M:= a(X+o V) (V+eW);
Yo Y1,0,€ € {-1, 0, 1}
n k n

oo

Loop 5 for jo.=0: n—1 steps of n.
Tc=Jc : jetnc—1

C+=v,M D+=v,M

Loop 4 for p. =0 : k—1 steps of k.
Pc=pc : pctke—1 "
V(Pc, Jc) + GW(,P(:, Jc) — BP

Loop 3 for ic=0: m—1 steps of m,

IC:'FC . ic+mc_1

X(Ic, ,Pc) + 6Y(IC, Pc) —r A;’

endfor
endfor
endfor

*Jianyu Huang, Tyler Smith, Greg Henry, and Robert van de Geijn.
“Strassen’s Algorithm Reloaded.” In SC’16.

~

5th loop around micro-kernel

Nc

l—l—| I—l—\
D | Y
G X v,
4=
4t Joop around micro-kernel
7% I P
XP Vp
+=
—
ke

Pack V,+eW, — B,

[—J main memory
I L3 cache
[ L2 cache




M:= a(X+o V) (V+eW);
Yo Y1,0,€ € {-1, 0, 1}
n

fF

k

=m

I

X k

C+=vy,M, D+=v,M,

n

I

Loop 5 for jo.=0: n—1 steps of n.
Tc=Jc : jetnc—1

Loop 4 for p. =0 : k—1 steps of k.
Pc=pc : pctkc—1 "
V(Pc, Tc) + eW(Pc, Tc) — Bp
Loop 3 for ic=0: m—1 steps of m,
Le=ic iic+mec—1
X(Ze,Pe) +8Y(Ze, Pe) — A;
// macro-kernel
Loop 2 for j,=0: n.—1 steps of n,
Jr=Jr - jrtnr—1
Loop 1 for iy =0 : m.—1 steps of m,
Lr=ir:ip+m,—1
//micro-kernel
Loop O for p, =0: pc—1 steps of 1
Mr(Ira Jr) += Af(Ira pr) Bp(pr: jr)
endfor
C(Ir + ic, Tr +_fc)‘|‘: Q’YoMr(Ir, jr)
D(Ir + ic, Jr ‘|‘fc)+: ayi M (Z,, Tr)
endfor
endfor
endfor
endfor
endfor

*Jianyu Huang, Tyler Smith, Greg Henry, and Robert van de Geijn.
“Strassen’s Algorithm Reloaded.” In SC’16.
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5th loop around micro-kernel

Nc

Y

| c{wﬂ

Pack V,+eW, — B,

Update C;;, D

15t loop around micro-kernel

-Hl

[—J main memory
I L3 cache
[ L2 cache
[ L1 cache
Il registers

micro-kernel

>r1
[T
4= I




M:= a(X+o V) (V+eW);
Yo Y1,0,€ € {-1, 0, 1}
n

mlF _m

k

C+=vy,M, D+=v,M,

I

X k

Loop 5 for jo.=0: n—1 steps of n.

Loop 4

Loop 3

Loop 2

Loop 1

Loop O

Jc=Jc i jet+nc—1

n

I

for p. =0 : k—1 steps of k.
Pc=pc : pctkc—1 "
V(Pc, Tc) + eW(Pc, Tc) — Bp
for ic=0: m—1 steps of m,
Le=ic iic+mec—1
X(Ze,Pe) +8Y(Ze, Pe) — A;
// macro-kernel
for j, =0 : n.—1 steps of n,
Jr=Jr - jrtnr—1
for iy =0 : m.—1 steps of m,
Lr=i:ip+m,—1
//micro-kernel
for p, =0: pc—1 steps of 1
Mr(Ira jr)"‘: Af(Ira pr) Bp(pr: jr)
endfor
C(Ir + fc, Tr +_fc)‘|‘: Q’YoMr(Ir, jr)
D(Ir + ic, Jr ‘|‘fc)+: ayi1 M (Zy, Tr)
endfor
endfor
endfor
endfor

endfor

*Jianyu Huang, Tyler Smith, Greg Henry, and Robert van de Geijn.
“Strassen’s Algorithm Reloaded.” In SC’16.

~

5th loop around micro-kernel

Nc

'—l—| ’—l—\
D | Y
G X v,
_I__
4t Joop around micro-kernel N
| { W,
V

Pack V,+eW, — B,

Update C;;, D

15t loop around micro-kernel

[—J main memory
I L3 cache
[ L2 cache
[ L1 cache
Il registers

-Hl

micro-kernel

>r1
[T
4= I




5t loop around micro-kernel

5th loop around micro-kernel

Nc Nc
l—l—| I—l—\
D | Y

G X V,
4=
4t Joop around micro-kernel
7% I
Xp Vp
+=
—
ke

3'd Joop around micro-kernel

ack V,+eW, ; B

p

+=

2"d Joop around micro-ker

P CkX|+éY|—)IE\|

Nc Nc
'—l—| ,—l—\
G A B
4th Joop around micro-kernel
Ci Ap kc‘[ BP
I_'_l
ke
Pack B, — B
3 |oop around micro-kernel ackB, — 5y
R SN (& |
Pack A— AT,
| 2"oop around micro-kernel — —
=, AR B
) mR-[-
I_'_l
ke
1%t loop around micro-kernel
me |
+= ke
Update C;

[—J main memory

I L3 cache
[ L2 cache
[ L1 cache
B registers

4

Update C;;, D

15t loop around micro-kernel

Ng

micro-kernel

micro-kernel

>1
_I
1

[—J main memory
I L3 cache
[ L2 cache
[ L1 cache
Il registers

[T
4=

I}l




Two-level Strassen’s Algorithm Reloaded

Assume m, n, and k are all multiples of 4. Letting

Co,0 Co,1|C0,2 Co,3 Ao,0 Ao,1|Ao0,2 Ao,3 Bo,o Bo,1|Bo,2 Bo,3

C— Cio Gia|G2 G3 A — A1o A1,1|A12 A3 B — B0 B11 312 B3

o0 C2,1‘C2,2 G3 |’ Az 0 A2,1}A2,2 Arsz |’ B> .o 321‘522 B> 3

C30 G3,1| G2 G33 A3z 0 A3,1|A32 A3 5’3,0 B3 1 | Bs,2 33,3
where C:iis M x 7 A ismx k and B,;is K x °
I, 4 4 7'i,p 4 4 P 4 4



Two-level Strassen’s Algorithm Reloaded

(Continue)

My = a(Ay 0+A3,21tA1,1+A43,3)(Bg,0 + 52,2) C1,0T= My: C1,1—= My: C3,20+= My; €3,3—= My;
My = a(Ag,0+A2,2)(Bp,1+B2,3+B1,1 + B3 3): Co,1+= Mpy; C1,1+= Mp; Co,3+= Mo; (3,3+= Mp;
M3 := a(A1,1+A3.3)(B1,0+B3,2+Bp,0 + B2,2); Co,0t= M3; C1,0t= Ms; Co 2+= Ms; C3,2+= M3;
My = a(Ag 0 +Ag 2+Ag 1 +A2 3)(B1,1 + B3 3); Co,0—= Ma;  Co,1t= My; Coo—= Mg Cp3+= My;
Mg = a(Ay g+A3 2+Ag 0+A22)(Bg,o + B 2o+Bg 1+B5 3): C1,1+= Ms; C3,3+= Ms;:
Me := c(Ag,1+A2 3+A1,1+A3,3)(B1,0 + B3,2+B1,1+B3,3): Co,0t= Me: G 2+= Mg
Mz := a(Ap g+A2 2+A3 1+A3 3)(Bp o + B1,1) Co 0+t= My; C3,1+= My; Co o0 —= My; C3,3—= My;
M8 = a(A3,O+A3,2+A3,1+A3,3)(BO,O); C3,0+— M8' C3’1—: MS; C3’2—: M8; C3,3+: MS;
Mg = a(Az g+A2 2)(Bp,1+B1,1) G2 1+= My; C3,1+= My; Cp,3—= My; (3,3—= Mo;
Mg := (A3 1+A3,3)(B1,0+Bo,0): G2, 0+= Mip: CG3,01t= Myg;: G o—= Mg  C32—= My
Myg = (A3 0+A1,0+A2,0+40,0)(Bo,0 + Bo,2+Bp,1+Bp,3):  C3,3+= Myp:
Ma1 = (A 1 +Ag,1+A3,1+A1,1)(B10 + B1,2+B1,1+B1 3); (o o+= Myy;
Myp := a(Ag 2 +A2 2+A1 3+A3 3)(Ba g + By 2+B31+B33)i (o ot+= Myo; C1,1+= Myp;
My3 := (A1 2+A3 2+A1 3+A3 3)(Ba o + B2 2): C1,0+= My3; C1,1—= My3;
Myg = a(Ag 2+A2 2)(Bp,1+B2 3+B3 1 + B3 3); Co,1+= Mayy; C1,1+= Myq;
My = a(Ay 3+A3 3)(B3 0 +B3 2+Bo o + B2 2); Co,0t= Mys:  Cq o+= Mys;
Mae = a(Ag 2 +A2 2+Ag 3+A2 3)(B3 1 + B3 3); Co,0—= Mas:  Co,1t= Mae;
My7 := (A1 2+A3 2+Ag 2+A2 2)(Ba o + Bo 2+B2 1+B23);  C1 1+= Myy:
Mpg := a(Ag 3+A2 3+A1 3+A3 3)(B3 o + B3 2+B3 1+B33); (o ot+= Myg:
| M= a(X+X+X+X) (V4 Vi+ 1+ Vy); G+=M C+=M C+=M C+=M |
General operation for two-level Strassen:

M:= o(Xy+3, X +8,X,+8;, %) (Ve  Vi+e, Vy+e5V3); Co += 1M, G +=7M G +=7M G +=v;M,

7,9,€; € {-1,0,1}.




Additional Levels of Strassen Reloaded

The general operation of one-level Strassen:

M:= a(X+o 1) (V+eW); C+=vy,M;, D+=v,M,
Yo Y1,0,€ € {-1, 0, 1}.

The general operation of two-level Strassen:

M:= o.(Xy+0,X+0,X+0:X3) (Ve Vite, Vyt+e3 1),
Co +=vM;, C +=v1M, C; +=v,M, (3 +=v; M,
v,0,€; € {-1,0, 1}.

The general operation needed to integrate k levels of
Strassen Is given by

M= a (S50 0:Xs) (S e Ve)
CH+=~vM forr=0,...,Ic —1,
di, €Y € {_1709 1}'



Building blocks
@a Parry @Z’L‘ol e

M for r=0,...,Ic — 1,
ir€iy Vi € {_1701 1}'

BLIS framework Adapted to general operation
A routine for packing B, into B, > Integrate the addition of multiple
»  written in C/Intel intrinsics matrices V,into Bp

A routine for packing 4, into A; * Integrate the addition of multiple

» written in C/Intel intrinsics matrices XSinto A’.
A micro-kernel for updating an « Integrate the update of multiple
mx 1, submatrix of C. = submatrices of .

» written in SIMD assembly (AVX, FMA,
AVX512, etc)



Variations on a theme

e Nalve Strassen

» A traditional implementation with temporary
buffers.

* AB Strassen
» Integrate the addition of matrices into 4; and 5, .

e ABC Strassen

> Integrate the addition of matrices into 4, and 5, .

» Integrate the update of multiple submatrices of ¢
In the micro-kernel.



5% loop around micro-kernel ~

= _ [ [F Parallelization
« 3"|oop (along m_ direction)
p 4 loop around micro-kernel N
iz Jme- 2™
; ;

Pack V,+eW, — B,

« 2"d|oop (along n,direction)

[ 5 | J )

————————— > ———— -

ES=1

« both 39 and 2"d [oop

1%t loop around micro-kernel ——

I i )
————————— > ———mm—— = >

~.

PR - g,
1
+
I
(.__1I_____
1
I
i

-l B

Update C;;, D;
— micro-kernel

[—J main memory 11

B L3 cache _ *Tyler M. Smith, Robert Van De Geijn, Mikhail Smelyanskiy, Jeff R. Hammond, and
= ti E:E:g += l{ Field G. Van Zee. "Anatomy of high-performance many-threaded matrix multiplication."
B registers In Parallel and Distributed Processing Symposium, 2014 IEEE 28th International, pp.

1049-1059. IEEE, 2014.
\> -
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Performance Model

« Performance Metric

Effective GFLOPS = — = ™" MK __ 149
time (in seconds)

 Total Time Breakdown

IF'=1,4+1Th
Arithmetic Memory

Operations Operations



Arithmetic Operations
Ta=TX+TMH+TB 4 TS

| '

Submatrix Extra additions with
multiplication submatrices of A, B, C,
respectively

DGEMM
» No extra additions
T, =2mnk - 75
One-level Strassen (ABC, AB, Naive)
» 7 submatrix multiplications
» 5 extra additions of submatrices of A and B
> 12 extra additions of submatrices of C

1= 0(Ago+A411) (BootB11); Goo += My; €y += My;
= 0(Aqp+A;1)Bgg; Co+=M; Gy -= M;;
:= 0y (By1-B11); Cor += My; Gy += My;
= oAy (Byo=Byo)s Coo += Mz; Cip += M;
= a(AgpTAg)B1y; Cor += M Gy -= My
i= 0(Ay9=4oo) (Boot+ Bor)s Ciy += Ms;

1= 0(Ay1—411) (Bt Bi1); Goo += M

SXSRXEX

mn k m k k n
T —_ (7 2 - + 5 2 - + 5 2 —_— + 12 2 —_— _) Ta = (Ag, 0+“*2 2+A1,1+A3 3)(Bp,0 + B2 2 +B1,1+B3 3) Co,0+= Mg; 51 1+ Mo Co 0+= My; C3,3+= Mp;
2 2 2 2 2 = (A10+A3,2+A1 1 +A33)(Bo,0 + Bz,2): Crio+= My - Cylat= My G3ly—= My
M'z (Ag,0+A2, 2)(50 1+B23+B11 + B3 3% Co,1+= Ma; c1 1+— M'z Cp,3+= Mp; C3,3+= Mp;
My = (A 1+A3,3)(B1 0+ B33+ B + +Ba2) Co,0+= M C1,0t= M3 Cp,2t= M3; C3,2+= Mg
wo-level Strassen aive poaiaiausianay o d@ow @m gth o ginh
Ms = (Aj g+A3 2+ A0+ Ax2)(Bolg + By 2+By,1+ B2 3) Cy1+= Ms; Ggl3+= Mg;

Mg = (Ag1+Ag 3+A1 1+A33)(B1 o+ B3 2+B11+B3 3% Goot= Mg Colpt= Mg

» 49 submatrix mU”'p“CathHS Eé33555135ENEELEFE)“?&?’?
> 95 extra additions of submatrices of A and B

Myp = (A3,1+A3,3)(B1 0+Bg,0): Qot= My Got= Mg:  CGa—= My CG3—= Mp;

A3,0+A1,0+A2,0+A0,0)(Bp0 + Bp,2+ 501 Bo 3)i  Ga3t= My
Mgy = (Az,1+Ag,1 +A3,1 A 1)(By o + By o+By 1+B) 3)i G ot= My

=
[ . (
> 154 extra additions of submatrices of C va s (orriarhorhaEe s SoRad Sosln oo
MM (Ag,2+A2.2)(Ba 1 +Ba 3+B3.1 + B3 3); Co,1+= Mag:  Cp q+= Myy;
k k k ﬁ 7(2 3|ﬂ33)(330\i32 ;‘20 22235 EO'O':,A:;‘E; ’él,[}‘fﬁ%‘
= (49 x 2121 + 95 X 2—4 2 T 95X QZZ + 154 x 2—4 Z) T, e TRY e S M

48

Ag3+Ag3+A1 3+A33)(B3 0 + B3 2+B3 )1 +B33)  Cpo+= Magi



Memory Operations

Tm= NA<TA% 4 NB TBA NG TS N TA N TE NG TS
n k
DGEMM Tm = (1- mk[—] +1-nk  +1-2Xmn[—]
nc C
One-level
mk nj/2 n k/2
ABC Strassen T, =(12- — - / 1 +12- —— +12-22— - /1
2 2 nc 2 2 ke
AB S - (12 mk|_n/ ] 412 n . 2)\mn|_k/2_| 36 mn)
= ¢ == + - — + — = +36 - ——) -
trassen " 22 n. 22 22 k. 22
. mk n/2 n m /2 m k n k m n
Naive Strassen 7T,, =(7- ——[ 1 +7 == +7-2Xx——] 17 419 ——-+4+19. —-— 436 ——)-
2 2 nc 22 c 2 2 22 2 2
Two-level
mk _n/4 k k/4
ABC Strassen Tp;m = (194 — - 1+194 - — —+154 - 22— — | |
4 4  n. 4 ke
mk _n/4 k mn _k/4
AB Strassen Tm=(194- — - / 1+194 - — —+49 - 22— — [ / 1 +462 - — —)
4 4 n. 4 4 4 4 k¢ 4 4
y mk _n/4 /
Naive Strassen Tm = (49 - —ZF 1 449 —— +49 -2\ — — 7 +293 - — — +293 . — —+462 - — —



Modeled and Actual Performance
on Single Core



Effective GFLOPS (2-m-n-k/time)
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Observation (Square Matrices)

Modeled Performance

m=k=n, 1 core, modeled

A
L

Modeled DGEMM

Modeled One-level ABC Strassen
Modeled Two-level ABC Strassen
= \lodeled One-level AB Strassen
== \odeled Two-level AB Strassen

— — Modeled One-level Naive Strassen
— — Modeled Two-level Naive Strassen

1 1 1 1

1 2 3 4 5 6 7 8 9 10 11
%103

m=k=n

12

Effective GFLOPS (2-m-n-k/time)

33

w
o

28.32

N
)]

20

Actual Performance

m=k=n, 1 core
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One-level ABC Strassen
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Observation (Square Matrices)
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Actual Performance

m=k=n, 1 core
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Observation (Square Matrices)

Modeled Performance

m=k=n, 1 core, modeled

Modeled DGEMM
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= \lodeled One-level AB Strassen
== \odeled Two-level AB Strassen
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Actual Performance
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Effective GFLOPS (2-m-n-k/time)

Observation (Square Matrices)

Modeled Performance Actual Performance
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— — Modeled One-level Naive Strassen — — One-level Naive Strassen
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20 ' L 1 1 1 L L 1 1 1 1 1 | 20 L L 1 1 L 1 L 1 1 1 I
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Observation (Square Matrices)

Modeled Performance

m=k=n, 1 core, modeled
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Modeled DGEMM
Modeled One-level ABC Strassen
Modeled Two-level ABC Strassen
= \lodeled One-level AB Strassen
== \odeled Two-level AB Strassen

— — Modeled One-level Naive Strassen
— — Modeled Two-level Naive Strassen
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Actual Performance

m=k=n, 1 core
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— — One-level Naive Strassen
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lll 1 1 1 L 1 1 1

2 3 4 5 6 7 8 9
m=k=n

Theoretical Speedup over DGEMM
* One-level Strassen (1+14.3% speedup)

» 8 multiplications — 7 multiplications;

 Two-level Strassen (1+30.6% speedup)
» 64 multiplications — 49 multiplications;



Observation (Square Matrices)

Both one-level and two-level

» For small square matrices, ABC
Strassen outperforms AB

Strassen

» For larger square matrices, this

trend reverses

Reason

» ABC Strassen avoids storing M
(M resides in the register) ¢

» ABC Strassen increases the
number of times for updating
submatrices of ¢ @
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5t loop around micro-kernel

5th loop around micro-kernel

Nc Nc
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D | Y
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_I__
4t Joop around micro-kernel
A L e [ W
Xp Vp
I_'_l
ke

Pack V,+eW, — B,

Ng
— Bp

Nc Nc
'—l—| ,—l—\
G A B
4th Joop around micro-kernel
Ci Ap kc‘[ BP
I_'_l
ke
Pack B, — B
3 |oop around micro-kernel ackB, — 5y
R SN (& |
Pack A— AT,
| 2"oop around micro-kernel — —
=, AR B
) mR-[-
I_'_l
ke
1%t loop around micro-kernel
me |
+= ke
Update C;

[—J main memory

I L3 cache
[ L2 cache
[ L1 cache
B registers

4

micro-kernel
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Update C;;, D

15t loop around micro-kernel

[—J main memory
I L3 cache
[ L2 cache
[ L1 cache
Il registers

micro-kernel
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Observation (Square Matrices)

Both one-level and two-level

» For small square matrices, ABC
Strassen outperforms AB

Strassen

» For larger square matrices, this

trend reverses

Reason

» ABC Strassen avoids storing M
(M resides in the register) ¢

» ABC Strassen increases the
number of times for updating
submatrices of ¢ @
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Observation (Rank-k Update)

 What is Rank-k update?

<€ > €«
A A

m




Observation (Rank-k Update)

» Importance of Rank-k update

Numer. Math. 13, 354—356 (1969)

Gaussian EIiminationIis not Optimal

VOLKER STRASSEN*

Received December 12, 1968

1. Below we will give an algorithm which computes the coefficients of the
product of two square matrices 4 and B of order # from the coefficients of 4
and B with less than 4.7 - n'*87 arithmetical operations (all logarithms in this
paper are for base 2, thus log 7 ~=2.8; the usual method requires approximately
2#* arithmetical operations). The algorithm induces algorithms for inverting a
matrix of order #, solving a system of » linear equations in » unknowns, com-
puting a determinant of order n etc. all requiring less than const #'¢7 arithmetical
operations.

This fact should be compared with the result of KLyuyev and KoxovkiN-
SHCHERBAK [1] that Gaussian elimination for solving a system of linearequations
is optimal if one restricts oneself to operations upon rows and columns as a
whole. We also note that WiNoGRAD [2] modifies the usual algorithms for matrix
multiplication and inversion and for solving systems of linear equations, trading
roughly half of the multiplications for additions and subtractions.

1t is a pleasure to thank D). BRILLINGER for inspiring discussions about the present
subject and St. Coox and B. PARLETT for encouraging me to write this paper.

2. We define algorithms «,, , which multiply matrices of order m2F, by in-
duction on %: a,, ¢ is the usual algorithm for matrix multiplication (requiring
m3 multiplications and m?(m — 1) additions). «,, , already being known, define
% 1 41 @S follows:

If A, B are matrices of order m2**! to be multiplied, write

A= (Au AIZ) B= (Bn Bla) AB=— (Cu Crz)
= ) = s = s
Agy Azs By, By Co1 Gz
where the 4;,, B;,, C;, are matrices of order 2" Then compute
I =(dy+4e) (Byy+ Bzz)s
I = (Agy+ 4yq) By,
III = Ay (Byy — By},
IV =dgy(— Byy + Bui),
Vo o=(4dy+41s) By,
VI = (—4d;y;+ 431) (Byy + Bia)s
VII= (4,5 — Aqy) (Bey + Bu),
* The results have been found while the author was at the Department of Statistics

of the University of California, Berkeley. The author wishes to thank the National
Science Foundation for their support (NSF GP-7454).

Blocked LU with partial pivoting (getrf)

Algorithm: [A, p] := LUPIV_BLK( A)
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e Reason:

ABC Strassen avoids forming the temporary matrix M
explicitly in the memory (/M resides in register),
especially important when m, n >> k.
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Square Matrices
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Intel® Xeon Phi™ coprocessor (KNC)
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To achieve practical high performance

; :
of Strassen’s algorithm......
Conventional Our
Implementations Implementations
Matrix Size Must be large . c += |alx B 3(_/. °\‘:

Matrix Shape Must be square .

-y pa— p— pa—

No Additional ,_
Workspace x .

ey pa— p— P—

Parallelism Usually task parallelism.

i )
Can be data parallelism {{
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