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High-performance matrix multiplication
(GEMM)



State-of-the-art GEMM in BLIS
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BLAS-like Library Instantiation Software (BLIS) is a portable framework for instantiating
BLAS-like dense linear algebra libraries.

QField Van Zee, and Robert van de Geijn. “BLIS: A Framework for Rapidly Instantiating BLAS Functionality.”
ACM TOMS 41.3 (2015): 14.

BLIS provides a refactoring of GotoBLAS algorithm (best-known approach on CPU) to

implement GEMM.

UKazushige Goto, and Robert van de Geijn. “High-performance implementation of the level-3 BLAS.” ACM
TOMS 35.1 (2008): 4.

UKazushige Goto, and Robert van de Geijn. “Anatomy of high-performance matrix multiplication.” ACM
TOMS 34.3 (2008): 12.

GEMM implementation in BLIS has 6-layers of loops. The outer 5 loops are written in C.
The inner-most loop (micro-kernel) is written in assembly for high performance.
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GotoBLAS algorithm for GEMM in BLIS
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Loop 5 for jo=0: n—1 steps of n,
Jc=jc : jetnc—
for p =0 : k—1 steps of k.

Loop 4

Loop 3

Loop 2

Loop 1

Loop O

Pc=pc

|B(Pe, Jo) = B,

; pc—l-ﬁe—l

for ic=0: m—1 steps of m¢

IC:’-C .

A(Zc, Pc) = A

// macro-kernel
for j, =0 : nc—1 steps of n,

Tr=Jr:

Jrtnr—

for iy =0 : m.—1 steps of m,

Ir:ir . ir"‘mr_l

//micro-kernel

for p, =0 : p.—1 steps of 1

Cc(Ira Jr) +=

Ai(Ir: Pr)

A~

Bp(Pr: Jr)

endfor

endfor
endfor
endfor

endfor
endfor

*Field G. Van Zee, and Tyler M. Smith. “Implementing high-performance
complex matrix multiplication via the 3m and 4m methods.” In ACM
Transactions on Mathematical Software (TOMS), accepted.




High-performance Strassen

*Jianyu Huang, Tyler Smith, Greg Henry, and Robert van de Geijn. “Strassen’s Algorithm Reloaded.” In SC’16.



Strassen’s Algorithm Reloaded

My = (Aygt+A411) (ByotB11);
M, = (A1p+A11)Booys
M, := Ay (By1—-B11);
M := Ay (Byy-Byo);

My := (Ayo+A4,1) (Byot Biy);

Coo += My; C += M,;

M, = (Ap+A11)Bgg

M, = A, (By=FB+);
M, := (AgotAg1)Byy; \—> MZ - AOOEBM—BH%'
My := (A1g—Ago) (ByotBo1); 3+ C1ILVE10 000
M6 = (A01 A11)(B10+B11)'

General operation for one-level Strassen:

My = (Ago+Ap1)B1s

N

My := (A1g—Ago) (Byo+By1)s
Mg = (Ay1—A11) (Byo+By1);

Cio+=My; Gy -= M;;
Cyy +=M,; C{ += M,;
Coo += M;; Cy += M;;
Coy += My, Cog —= My;
Coo += M,;

M:= (X+Y)(1+W);

C+=M, D+=M

M = (X0 1) ( V+e W);

Yo Y10,€ € {-1,0, 1},

CH=1,M D+=7,1




M:=(X+N(V+W); C+= M, D+= M
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C+= AP, M:=X+DN(V+W);, C+=M, D+= M,
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<2,2,2> Strassen’s Algor

(A +A3) B +B3)

Cy += My, C, += M,;

@: My; My;

O(B B3) C,+=M,; C;+= M,;
A;(B,-By); Cy += M;; C, += M;;
(A,+A,)B;; ¢, += M, ¢, = M,;
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(Fﬁ,/I:, n) Fast Matrix Multiplication (FMM)

CO§C1 + A0§A1 Bo§B1
<+ RAARRASARs SR aRsaRsnnAR) - R SN T4 Fusennaeens
Co C:—l Ao N A?—l Bo B;—1
c=| | A= . |B= 5
Coml 1 G Akl 1 Parea Bl 1Bis

for r=0,....,R—1,

mk—1 kn—1
M, =1 > uiAi| x| > VviBj|;
=0

j=0
Cot= wprM, (p =0, ..., mi — 1)

~

The set of coefficients that determine the (m, k, n) algorithm is denoted as [U, V, W].



<3,2,3> Fast Matrix Multiplication (FMM)

= (A + A3+ As) (By+Bs);

1= (-Ag+Ay+A5)(Bo-5s);

= (-A¢tA;)(-B1-By);

= (A4,-A4+As )(By-B3+Bs );
= (-A,+A,+A,)(By+B,+B,);
= (Ay)(By);

= (-Ay+A3+A,-As ) (B3-Bs);
= (A3)(B3);

My := (-Ay+A,+A,)(B;+B,);

SIXXXRXX

C,-= M,;

C-=M; G -= M;
Co—=M,;C;+=M,;C,+=M,;
C,+=M;;C+=M;;C—=M;;
Co—=M,;C;+=M,;C,+=M,;

C,+=M,;C;+=M,;C.+=M;
C,+=Mg;

My := (-Ag+A; )(-By-By ); Cy+=Mg;C,+=My;
My, :=(As)(B,+Bs); Co+=M;;Ce+=M;;;Cg+=M,;
M= (A;-As)(By); C+=M,;Cs+=M,;C;—=M, ;Cg+=M;,
M, :=(A;)(By+B;+B;+B,); Cot=Myy;
M3 := (Ay;-A,)(By-B,+B3-Bs); Ce—=My3;
My, = (-Ag+A;+A,-A3)(Bs ); C-=M;4,C4-=My;
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*Austin R. Benson, Grey Ballard. "A framework for practical parallel fast matrix multiplication." PPoPP15.
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Speedup (%)

Ref. mkn R Practical #1 |Practical #2
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[13]| 8 7
[1] | 12 11
[1] | 24 20
[10]]| 24 20
[10] | 20 18
[10] | 12 11
[10] | 18 15
[10]]| 24 20
[10] | 18 15
[14] | 27 23
[14] | 54 40
[1] | 24 20
[14]] 36 29
[14] | 45 36
[14] | 54 40
[10] | 16 14
[1] | 24 20
[10] | 32 26
[10]]| 24 20
[10] | 36 29
[10] | 32 26
[10] | 20 18
[14] | 54 40
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Ref. mkn R Practical #1 |Practical #2
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[13] 8 7 14.3
[1] 12 11 9.1
[1] 24 20| 20.0

[10] 24 20| 20.0

[10] 20 18| 11.1

[10] 12 11 9.1

[10] 18 15| 20.0

[10] 24 20| 20.0

[10] 18 15| 20.0

[14] 27 23| 17.4

[14] 54 40| 35.0
[1T 24 20| 20.0
[14] 36 29| 24.1
[14] 45 36| 25.0
[14] 54 40| 35.0
[10] 16 14| 14.3
[1] 24 20| 20.0
[10] 32 26| 23.1
[10] 24 20| 20.0
[10] 36 29| 24.1
[10] 32 26| 23.1
[10] 20 18| 11.1
[14] 54 40| 35.0




Speedup (%)
Ref. mkn R Theory Practical #1 |Practical #2
Ours| [1] [Ours| [1]

[13] 8 7 14.3] 11.9| -3.0
[1] 12 11 9.1 5.9] -13.1
[1] 24 20| 20.0| 11.9| -8.0
[10] 24 20| 20.0f 4.8] -15.3
[10] 20 18 11.1} 1.5/ -23.1
[10] 12 11 9.1] 7.1] -6.6
[10] 18 15 20.0f 14.1] -0.7
[10] 24 20 20.0] 11.9] -1.8
[10] 18 15| 20.0| 11.4| -8.1
[14] 27 23 174 8.6/ -9.3
[14] 54 40| 35.0(-34.0| -41.6
[1] 24 20| 20.0| 4.9/ -15.7
[14] 36 29 24.11 8.4] -12.6
[14] 45 36| 25.0| 5.2| -20.6
[14] 54 40 35.01-21.6| -64.5
[10] 16 14 14.3| 9.4 -4.7
[1] 24 20 20.0] 12.1] -2.3
[10] 32 26| 23.1| 10.4| -2.7
[10] 24 20 20.0] 11.3] -7.8
[10] 36 29 24.11 &8.1| -8.4
[10] 32 26 23.1| -4.2] -18.4
[10] 20 18 11.1} 7.0 -6.7
(6,3,3) [[14] 54 40| 35.0|-33.4| -42.2
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* [1] Austin R. Benson, Grey Ballard. "A framework for practical parallel fast matrix multiplication." PPoPP15.
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Speedup (%)
Ref. mkn R Theory Practical #1 |Practical #2
Ours| [1] [Ours| [1]

[13] 8 7 14.3] 11.9| -3.0
[1] 12 11 9.1 5.9] -13.1
[1] 24 20| 20.0| 11.9| -8.0
[10] 24 20| 20.0f 4.8] -15.3
[10] 20 18 11.1} 1.5/ -23.1
[10] 12 11 9.1] 7.1] -6.6
[10] 18 15 20.0f 14.1] -0.7
[10] 24 20 20.0] 11.9] -1.8
[10] 18 15| 20.0| 11.4| -8.1
[14] 27 23 174 8.6/ -9.3
[14] 54 40| 35.0(-34.0| -41.6
[1] 24 20| 20.0| 4.9/ -15.7
[14] 36 29 24.11 8.4] -12.6
[14] 45 36| 25.0| 5.2| -20.6
[14] 54 40 35.01-21.6| -64.5
[10] 16 14 14.3| 9.4 -4.7
[1] 24 20 20.0] 12.1] -2.3
[10] 32 26| 23.1| 10.4| -2.7
[10] 24 20 20.0] 11.3] -7.8
[10] 36 29 24.11 &8.1| -8.4
[10] 32 26 23.1| -4.2] -18.4
[10] 20 18 11.1} 7.0 -6.7
(6,3,3) [[14] 54 40| 35.0|-33.4| -42.2
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* [1] Austin R. Benson, Grey Ballard. "A framework for practical parallel fast matrix multiplication." PPoPP15.



Speedup (%)
Ref. mkn R Theory Practical #1 |Practical #2
Ours| [1] [Ours| [1]
[13] 8 7 14.3| 11.9] -3.0[13.1] 13.1]
[1] 12 11 9.1 5.5| -13.1| 7.7 7.
[1] 24 20| 20.0|11.9| -8.0/16.3] 17.0
[10] 24 20| 20.0| 4.8]| -15.3|14.9| 16.6
[10] 20 18| 11.1| 1.5| -23.1| 8.6 8.3
[10] 12 11 9.1 7.1 -6.6| 7.2 7.5
[10] 18 15 20.0| 14.1] -0.7|117.2] 16.8
[10] 24 20| 20.0| 11.9| -1.8|16.1| 17.0
[10] 18 15| 20.0| 11.4| -8.1|17.3| 16.5
[14] 27 23 174 8.6 -9.3|14.4| 14.7
[14] 54 40| 35.0|-34.0| -41.6/24.2| 20.1 C
[11] 24 20| 20.0| 4.9|-15.7{16.0| 16.8] =
[14] 36 29 24.1| 8.4| -12.6|18.1| 20.1
[14] 45 36| 25.0/ 5.2| -20.6|19.1| 18.9
[14] 54 40| 35.0|-21.6| -64.5|19.5| 17.8
[10] 16 14 14.3| 9.4 -4.7|111.9| 12.2
[1] 24 20| 20.0|12.1| -2.3|15.9| 17.3
[10] 32 26| 23.1|10.4| -2.7|18.4| 19.1
[10] 24 20| 20.0| 11.3| -7.8|16.8| 15.7
[10] 36 29 24.11 8.1] -8.4119.8] 20.0
[10] 32 26 23.1| -4.2] -18.4|17.1] 18.5
[10] 20 18| 11.1| 7.0| -6.7| 82| 8.5
(6,3,3) |[14] 54 40| 35.0|-33.4| -42.2|24.0| 20.2
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* [1] Austin R. Benson, Grey Ballard. "A framework for practical parallel fast matrix multiplication." PPoPP15.



One-level Fast Matrix Multiplication (FMM)

C°§C1 + ‘A0§A1 Bo§B1
- ............. — . T——n X A
C, Cs M 82 Bs
Co C:—l Ao B A?—l Bo B;—1
Commsnl | Gt A A Bl 1B

for r=0,....,R—1,

mk—1 kn—1
M, =1 > uiAi| x| > VviBj|;
=0

j=0
Cot= wprM, (p =0, ..., mi — 1)

~

The set of coefficients that determine the (m, k, n) algorithm is denoted as [U, V, W].



Two-level Fast Matrix Multiplication (FMM)

Co 16y
c=| 5
Coml 1 G

The set of coefficients of a two-level (m, k, n) and (;77, k', n’) FMM algorithm can be

Ao ' A?—l
AR tr Ml e ol

denoted as

Bo ' B;—1
Bl 1B



Kronecker Product

xo0Y -
XR®Y =

Xm_10Y -

X0,n—1 Y

mxn pXq (mp) x (nq)

o bi1 b1 | oy bii bip
T lba1 b T lb21 bop
ai1  a1p big b1
{021 022}@)[5}21 522}: ]
’ ’ ' ’ - b1 b1 - bii bip
| T Lbe1 b2 T lbe1 Do
1-0 1-5 2-0 2.5 0
1 2 0O 5| |1-6 1-7 2-6 2-7| |6
[3 4]®[6 7]_ 3.0 3.5 4.0 4-5| |0
3-6 3-7 4-6 4-7 18

» https://en.wikipedia.org/wiki/Kronecker product.
» https://en.wikipedia.org/wiki/Tensor product

-01,1 51,1

| a1,1b2

B az,1b1,1

| A2.1 b2,1
5 0 10
7T 12 14
15 0 20
21 24 28

Xm—l,n—ly

G'u1,1b1,2
a1,1b2
as1b12

a1 bz,2

a2 bl,l
a1,2bs1
a2 b1,1

a2 b2,1

al,zbl,z
a1,zbz,2

az2bi2

G2,2bz,2 i


https://en.wikipedia.org/wiki/Kronecker_product
https://en.wikipedia.org/wiki/Kronecker_product
https://en.wikipedia.org/wiki/Tensor_product
https://en.wikipedia.org/wiki/Tensor_product

Morton-like Ordering

/L LS
/
/] LS

S/ 1SS
%)%

* https://en.wikipedia.org/wiki/Z-order curve.

[ 0.1 | 4.5 16,17 | 2021
273 | 6.7 18719 | 227123
g TO 1 12713 | 24125 1 28129
10710 14715 | 26727 | 30731
3233 | 36,37 | 4849 | 52,53
347735 | 3839 50 1 51 | 54 55
40741 1 44745 | 86157 1 6061
\ 42743l a6Ta7 | B80! 62 ey )




Two-level Fast Matrix Multiplication

Co G, Ao | A Bo B,
C=| | A= - |B= 5
Coml 1 G Akl 1 Parea Bl 1Bis

The set of coefficients of a two-level (m, k,7) and (m’, k’, n’) FMM algorithm can be

denoted as [UQU', V@O V', WOW'].



Two-level Fast Matrix Multiplication

for r=0,....R-R' —1,

mk-m’k'—1 ‘ kn-k'n' —1
M, = Z {U® U,‘i,rAi X ) [V® V)J',fBJ' ;

AN J=0
Cp—|—: (W %4 W’jp’er(p — 07 .oy mn-m'n — ].)

2-level Morton-like ordering index

The set of coefficients of a two-level (m, k,7) and (m’, k’, n’) FMM algorithm can be
denoted as [U® U',V® V', W ® W'].



Two-level <2,2,2> Strassen Algorithm

Mo := (Ag+A12+A3+A15)(By + Bio+ B3+ Bis);
My := (Ax+A14+A3+A15)(By + B12);
M, := (Ag+A12)(B1+Bi3+ B3 + Bis);
M3 := (A3+Ai1s5)(B2+B1sa+Bp + B12);
My := (Ag+A12+A1+A13)(B3 + Bis);
Ms := (Ax+A14+Ag+A12)(Bo + Biz2+B1+Bi3);
Me := (A1 +A13+A3+A15)(By + Bia+ B3 +Bis);
M7 := (Ag+A12+A11 +A15)(Bo + Bz);
Mg := (A10+A14+A11+A15)(Bo);
Mg := (Ag+A12)(B1+Bs3);
Mip := (A11+A15)(B2+Byp);
Myo = (A10+A2+Ag+Ag)(By + Ba+ B1+Bs);
My1 = (Ag+A1+A11+A3)(B2 + Bg+Bs+By);
My := (As+A12+A7+A15)(Bg + Bio+B11+Bis);
Ms3 := (Ae+A1a+A7+A15)(Bs + Bi2);
Mys := (As+A12)(Bo+Bi13+Bi1 + Bis);
Mys := (A7+A15)(B1o+Bia+Bg + B12);
Myg := (As+A12+A5+A13)(Bi1 + Bis);
M7 := (Ag+A1a+As+A12)(Bg + Bio+Bg+Bi3);
Msg := (As+A13+A7+A15)(B1o + Bia+Bi11+Bis);
! ! !
Co; Ci 1 Cui G Agi Ay | AL LA
passsssssasfesanunnnnns Basisanaanalaasncasananl } §
! 1 {
C2 Ca ] CG C7 A2 ] AG : A7
!-——V"-‘Jl—"""!-" =--- Jl -
Cg i G : Cipi Cy3 !
ssssnnnnnnnfunnnnnn i PTTTTTIrTY '
Cyof Ci : Cisi Cys

Co+=
G2 +=

Mo;
M1

C+=
C3—=
C3+=
Co+= Ms;
Ci1+= My;
Ci5+=
Cro+=
Cii+=
Ci1—= Mg;
Ci1+=
Cirot+=

C3+:
C3—=
C3+=
Co+= Mys;
C1+= Mys;

Cio+= Mp; Ci5+= Mp;
Cra+= My; Ci5—= My;
Ciz+= My, Ci5+= My,
Cio+= Ms; Cia+= Ms;
Cio—= My; Ci3+= My;
Cio—= My, Ci5—= Mq;
Cr4—= Mg; Ci5+= Mg;
C13—= My; Ci5—= Mpy;
;. Co—= My,  Cig—= My,

1 01 01 -1 0]

u_|00001 0 1

01000 1 0

11010 0 -1

11 0 -1 0 1 0]

Vo 00 1 0 010

00 0 1 0 01

_1 0O -1 0 1 0 1_

1 0 01 -1 01

0O 0 1 0 1 0O

W= 0O 1 01 0 0O

1 -1 10 0 10




L-level Fast Matrix Multiplication

for r=20,..., H/L:_ol R —1,

/L—1~~ (L—1- \
H m;k;—l H k,n,—l

M, = Z (@)1 Ur)irAi | X Z (g Vl'J’JBj
\ )\ /

L—1
(& Wilo.rMi(p =0, TT, - mim —&)
=0

Cp —‘[_:

L-level Morton-like ordering index
The set of coefficients of an L-level (m,, k;, n;) (/=0,1, ..., L—1) FMM algorithm can be
denoted as [®,, U, R, Vi &,y Wi
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Generating skeleton framework

« Compute the Kronecker Product.
(R, Ur @,y ViR, Wil
« Generate matrix partitions by conceptually
morton-like ordering indexing.
(i, ki, fir)
* Fringes: dynamic peeling.
[1=g ™. ITizg ki TTi=o i

A An ajp B_ By b12 C— ( Cn c12 )
a21 | a2 b21 | boz c21 | c2z

b

Cur = arabar + o ca=(an o) (32) (e en)=(am am)B

*Mithuna Thottethodi, Siddhartha Chatterjee, and Alvin R. Lebeck. "Tuning Strassen's matrix multiplication for memory
efficiency." Proceedings of the 1998 ACM/IEEE conference on Supercomputing. IEEE Computer Society, 1998.



Generating ftypical operations

-1 -1
1_[ myk;—1 H np—1
=0 L—1 1=0 L—1
M, = T (®U)iA | % Y, (@ W)irB|:
i=0 1=0 j=0 1=0

L1
Cot= (@ Wi)p, - M(p=0,..., H,Lz_ol mjin; — 1)
=0

« Packing routines:

L—1 L—1

H mykj—1 H kinj—1

1=0 L—1 - I=0 [—1 ~
Yo (R U)iA — A > (@R V).rB — By
i=0 [=0 j=0 /=0

 Micro-kernel:
— A hand-coded GEMM kernel

— Automatically generated updates to multiple
submatrices of C.

L—-1

CP+: (® VVl)p,er(P =0,.., H:___Ol Ff]frﬁl - 1)
=0




Variations on a theme

* Naive FMM

M;

L
[T k-1 [T %1
1=0 L—1 1=0 L—1
= Y. (@ U)irAi | % Y. (®W)rBi|
i—0 =0 =0 =0
£-1

Cot= (@ Wiy Me(p = 0,.... T3 P — 1)
/=0

— A traditional implementation with temporary buffers.

* AB FMM

— Integrate the addition of matrices into A; and 5;.

L—1~~
H m/k/—l
1=0

2

i=0

L1 _
(Q U)irAi — A
1=0

L-1__
H k'ln,—l

=0 L—-1 .
> (@ W)Bi — By
=0 1=0

* ABCFMM

— Integrate the addition of matrices into 4; and 5 .

— Integrate the update of multiple submatrices of C in
the micro-kernel.

L—-1

Cot=(® Wi)p, Mi(p=0,... T[, 7 mim — 1)
/=0
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Performance Model

e Performance Metric

2-m-n-k
time (in seconds)

Effective GFLOPS = 10~°

 Total Time Breakdown
T =T,+ T,

Arithmetic Memory
Operations  Operations



To= NX-TX 4+ N& - TOH + N2

T+ Nyt Tt

type T GEMM L-level L-level

T E— >k TS CEMM™ABC AB Naive

‘: a ML NL KL NaX 1 R.’_ RL RL
T - Ta - 2 5 % N - [ anz(QU)-Re | nnz(QU)-RL | nnz(QU)-R.
T B+ ) - ) 2£ ’,f NZH |- nnz(QV)-Re | nnz(Q)V)-R. | nnz(QV)-R.

aC ? K. Ny NSE |- nnz(QW) | nnz(QW) nnz(QW)
T, - Ta - =z L

i M, Ny

My = TTizg mi, Ku=T1i= ki No=T1i=g i Re=TI1=g Ri

RU=Q U, QV =R Vi, QW = Q=3 W,.



To= N3 T4 NG - T 4 N - T 4 NG - T

A X A X Bx BX Cx CX A.}. A_|_ B_|_ B_|_ C_|_ C_|_
Tm — Nm 'Tm _|_Nm 'Tm _|_Nm 'Tm _|_Nm 'Tm _|_Nm 'Tm _|_Nm 'Tm
type T GEMM L-level L-level
< =k GEMM ABC AB Naive
T; - T 2mnk 2m n k
A M; N K; .’Va>< 1 R[_ RL RL
T - Ta - 2{% P N - [ anz(QU)-Re | nnz(QU)-RL | nnz(QU)-R.
T B+ ) - ) 2£ ’,f NZH |- nnz(QV)-Re | nnz(Q)V)-R. | nnz(QV)-R.
aC ? K. Ny NSE |- nnz(QW) | nnz(QW) nnz(QW)
T, - Ta - M%L N% Néx 1 nnz(QU) nnz(Q)U) R.
AX
T,f,x r Tb mk|_n11 m k "{,NLW N’g ) ) ) -
. c MK e Nom” 1 nnz(Q)V) nnz(Q)V) RL
T;:X W o mk|-n_nc-| Mgl-% n{,:IL—I N,,?x _ _ _ -
TBX r T k n k. me 1 nnz(® W) RL Rl_
m b n ~ = AL
~ N Ki Nm - - - nnz(QU)+Re
By n k. Nt - - - nnz(QV)+R.
Tm W Th nk = = "
c N Kt Nm™ | - - 3nnz(QW) | 3nnz(Q W)
TEx 2amn[ L] 2xazZ ok
m r/w Tp mn| | A |
T!ﬂ+ r/w Thb mk = 4 —_— . ~ = ~—
MoK M=l mi, K= ki Ne= 11 i Re =117 R
T5+ r/w Tp nk ok
m N, K ®U_®L—1U ®V_®L—1V ®W_®L—1W
TS r/w  Tp mn m n — k=0 M — k=0 F - =0 T
M N
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Actual vs. Modeled Performance

Intel Xeon E5-2680 v2 (Ivy Bridge, 10 core/socket)

m = n = 14400, 1 level, ABC, 1 core, Actual

m = n = 14400, 1 level, ABC, 1 core, Modeled

| | | |

1

2 3 4 5 6 7 8 9 10 11 12

\ T T \ \ \ —_ 34
\D)
S
g
<
W,ww. g 30
.E 28.36
a
75
S
. 25
o
@)
2
S
| | | | | | S 20
1 2 3 4 5 6 7 &8 9 10 11 12
k 103
Actual

‘ el (2,2,2) = === BLIS

MKL

k 103

Modeled



Effective GFLOPS (2 - m - n - k/time)
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Actual vs. Modeled Performance

Intel Xeon E5-2680 v2 (Ivy Bridge, 10 core/socket)

m = n = 14400, 1 level, ABC, 1 core, Actual

m = n = 14400, 1 level, ABC, 1 core, Modeled
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m = n = 14400, 1 level
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m = n = 14400, 1 level
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Selecting FMM implementation with
performance model

Intel Xeon E5-2680 v2 (Ivy Bridge, 10 core/socket)

m=k=mn m = n = 14400 k=1024
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Best FMM: Best implementation among 20+ FMM with ABC, AB, Naive implementations
Selected FMM: Selected FMM implementation with the guidance of performance model



Outline

Background
— High-performance GEMM
— High-performance Strassen

Fast Matrix Multiplication (FMM)
Code Generation

Performance Model
Experiments

Conclusion



Effective GFLOPS (2-m -n - k/time)

o
g

o
o

28.36

[ \)
<t

[\
e

Hybrid Partitions
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Effective GFLOPS (2 - m - n - k/time)

Effective GFLOPS (2 - m - n - k/time)

Parallel performance

Intel Xeon E5-2680 v2 (Ivy Bridge, 10 core/socket)
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m = k = n, 10 core, Ours
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m = n = 14400, 10 core, Ours

k
m = n = 14400, 10 core, Reference
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k = 1024, 10 core, Reference
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m=n 103

* Reference: Austin R. Benson, and Grey Ballard. "A framework for practical parallel fast matrix multiplication." in PPoPP2015.
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Effective GFLOPS (2-m - n - k/time)

Parallel performance

Intel Xeon E5-2680 v2 (Ivy Bridge, 10 core/socket)
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* Reference: Austin R. Benson, and Grey Ballard. "A framework for practical parallel fast matrix multiplication." in PPoPP2015.
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Our code generator ...
Implement families of FMM algorithms automatically.
(2,2,2) (2,3,2) (2,3,4) (2,4,3) (2,5,2) (3,2,2) ... (6,3,3)
Express multi-level FMM as Kronecker product.

[Ue U, VeV, We W'T

Incorporate matrix summations into operations inside

GEMM.[i
n H ’I;'l//’/\(//—l H kinj—1
1=0 L—1 - 1=0 L=1 ~ L—1
Z(:) (583 Ui Ai = Ai P (g V1)ir B = Bo| | Cot= (® W), Mi(p =0, ..., [Ty s — 1)
iz = = = 1=0

Generate relatively accurate performance model.

for r=0,..,[I3 R —1,

1
CO C1 : C4 C5 AO A1 : A4 A5 BO B1 : B4 BS

' : N NETE [Tim-s
Jl 6 7 =0 L—1 1=0 L—1
it gt M, = > (K U)iAi | % > (@ W)rBi|
1 312 313 i=0 =0 Jj=0 I=0
1
i
'B B -1 o~
e B Cot= (Q W)p.rM,(p =0, ..., [],= mim — 1)

=0
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Thank you!

The source code can be downloaded from:
https://github.com/flame/fmm-gen
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