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FLAME Answer: SuperMatrix
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Parallel?
+ SO: D — A*B

« SLA—>L*LT
« S2:.B—B*LT
« S3:C—~C-B*B'

¢ S4: X — L1*X

Can the code be parallelized?



Parallel?

« S0: D «— A*B
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Can the code be parallelized?

* Write After Read: (SO, S1)
* Read After Write: (SO, S1)

* Read After Write: (S1, S2)

* Read After Write: (S2, S3)

* Read After Write: (S1, S4)



Parallel?
« SO0: D —A*B * Write After Read: (SO, S1)
/ * Read After Write: (SO, S1)
* SLA—-L*LT

S, .. * Read After Write: (S1, S2)

082 B\(—B*LT \\‘
~~~~~~~~~~~ | * Read After Write: (S2, S3)

+ S3:C«—C-B*BT/
———————————— * Read After Write: (S1, S4)

. S4: X — L1* X

Can the code be parallelized?

Are you sure S1 and S2 cannot be parallelized?
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Parallel?
S0: D « A*B 5 || A
SLA—L*LT Al k
S2: B(— B*T_'T ) B l— | B
S3:C  C B * 8/ [cl—[c
S4: X  L1% X X e B

How to parallelize?




Traditional Library Approach
S0: D « A*B

S1:A— L*LT

S2:B—B*LT
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S4: X — LL* X

How to parallelize?



Traditional Library Approach

S0: D « A*B
S1:A— L*LT
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S4: X — LL* X

How to parallelize?

« S0: ParGemm (A,B,D)

S1: L = ParPortf(A)
S2: ParTrsm(L,B)
S3: ParSyrk(B,C)

S4: ParTrsm(L,X)
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Traditional Library Approach
Implemented with libflame and BLIS

/* _______________________________________________ */
SO: D — A*B FLA Gemm( FLA NO TRANSPOSE,FLA NO TRANSPOSE,
FLA ONE, A, B, FLA ZERO, D );
S1: A—- L*LT FLA Chol( FLA LOWER TRIANGULAR, A );
FLA Trsm( FLA RIGHT, FLA LOWER TRIANGULAR,
S2:B«—B*LT B FLA TRANSPOSE, FLA NONUNIT DIAG,

FLA ONE, A, B );

S3:C « C—B * BT rLa syrk( FLA LOWER TRIANGULAR, FLA NO TRANSPOSE,
FLA MINUS ONE, B, FLA ONE, C );

4 X «— L 1*X FLA Trsm( FLA LEFT, FLA LOWER TRIANGULAR,
FLA NO TRANSPOSE, FLA NONUNIT DIAG,
FLA ONE, L, X );

Supported by parallel BLAS, LAPACK (multi-thread BLIS)



Problem for Fine-grained Parallelism

libflame

Fine-grained parallelism

BLIS

pthreads OpenMP
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Problem for Fine-grained Parallelism

« Synchronization point overhead
* Not fit for multiple devices scenarios.

libflame

Fine-grained parallelism

BLIS

pthreads OpenMP



Problem for Fine-grained Parallelism

« Synchronization point overhead

' ' ' ' Coarse-grained parallelism
 Not fit for multiple devices scenarios. ’ P

libflame libflame

Fine-grained paralletism ¢+ L, L L

BLIS _> pthreads = OpenMP

pthreads OpenMP BLIS BLIS

 Introduce parallelism across instructions
 Fit for the platform with multiple computation units.
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Problem for Fine-grained Parallelism

« Synchronization point overhead

' ' ' ' Coarse-grained parallelism
 Not fit for multiple devices scenarios. ’ P

libflame libflame

Fine-grained paralletism ¢+ L, L L

BLIS i ONP

pthreads OpenMP BLIS BLIS

 Introduce parallelism across instructions
 Fit for the platform with multiple computation units.



Coarse-grained Parallelism

Coarse-grained parallelism

libflame libflame

Fine-grained parallelism ¢ L L L

BLIS — Superl\/latrlx

...............................................

pthreads OpenMP BLIS BLIS

 Introduce parallelism across instructions
 Fit for the platform with multiple computation units.



SuperMatrix Approach

SO0: D — A*B
S1: A — L * LT

S2:B—B*LT
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How to parallelize?
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SuperMatrix Approach

S0: D — A*B <
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How to parallelize?

Partitioning/Algorithm-by-blocks!



SuperMatrix Approach
D — A*B

T Gemm_nn0 | 0 nnd |4 Gemm_nn2 | 2
L] *
. CO-=A00*BOO C10-=A10"BOC - CO1=A00%BOI
S > 4 —_
N > ~ Chol_I8 | & ; Gemm_nn6 6 Gemm_nnl | | Gemm_nn5 | 5 Gemm_nn3 | 3
\\ \ A0O=L*L' g Cl1-=A10<BO1 CO0-=A01*B10 Cl0-=A11*B10 “ COl-=A01*B11
N N 7\ e S
b2\ b v s
\\ ‘ Syrk_In20 [ 20 | | Trsm_rh2 ‘ 25 Trsm_tli24 [ 2 | ‘ Tism_rh9 [ 9 ‘ Gemm_m7 | 7
T \ [UI) = AOO*ANY I | BIO=B10*A00M BOO=B00*A00" 4 ‘ BIO=B10*A00" ‘ Cll=All1"BI1l
u Gemm_m27 27 Gemm_mi 18 | 18 Gemm_m26 26 Gemm_ntl4 | 14| 4
\\ ClI=Al0=B 10/ Cl0=A10*BO0 COl-=A00*B10 CO1-=A00*B 10
~
~
~
~
Sy
~ Chol 111 | 11
~
Sa All=LoL
~
~

Tesm_th29 | 29 Gemm_m19 | 19 Imm,mzs [ 2 l Syrk_In23 | 23 [Tmm,ﬂu? ] 7 ‘ ITmthIb ] 16 |
BlI=BI1*All* Cl10-=Al1*BOI" |'[!0|:|3(\|"4”"-\ Cll = All*All ‘BI]:IUI‘AH"-I‘ |'|§(H:]\(l|‘=\|\"-l

-~
I
O
|
o
)(.
Co
_I

8
I
I
)(.
>

How to parallelize?
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SuperMatrix Approach

Syrk_In20 ] 20

Trsm_rlt25 | 25

CO0 = ADD*ADY

B 10=B 10+ A00"

Syrk_In21 | 21

CO0 = ADI*AD]

i

Gemm_m27 27

Cll=Al10=B 10

Trsm_rh29 | 29

BlI=BII*AT1M

Chol_I8 | 8
AOO=L*L'

O\

Trsm_rhi24 [ 2

Trsm_rh9 | 9

BOO=BOD*A00Mt

B 1O=B 10*A00% 1

Gemm_nt 18 | 18
ClO-=A10*B0Y

Gemm_nt 19 | 19

Cl0-=Al1*BOI'

/

Gemm_nt26 26

Syrk_Inl0 | 10

Gemm_nn6t | 6

Cl1-=Al0%B01

Gemm_nn7 7

Cll-=Al1*B11

i

Gemm_nn0 | O

CO0-=AD0*B0O0

Gemm_nnl | 1

CO0-=AD1*B 10

Trsm_glil3 | 13

Gemm_nnd | 4 Gemm_nn2 2
Cl10-=A10*B0DO COl=A00B01

...... l l

Gemm_nn3 | 5 Gemm_nn3 | 3

Clo-=Al11*B10 COl=A01*B11
1y

Trsm_rlt12 | 12

B10=B 10*AD0"

BOO=BO0=A00"

T
Gemm_ntl5 | 15

Gemm_nild | 14 @

COl-=AD0*B 1Y Cll = ALO=A LD Cll=A10*B 10 COl-=ADM*B 1Y
Syrk_In22 | 22 Chol_111 | 11
Cll = AlD*=A LD All=L=L'

Trem_li28 | 28 Syrk_In23 | 23 Trsm_tlt17 I 17 Trsm_ek16 | 16

BOI=BO1*A 1184

CII = AlLI*ALD

BII=BIIFALIM

BOI=BOI*A1 1%

« Construct the DAG across the instructions automatically
* No need to annotate the task dependencies manually!
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Traditional Library Approach
Implemented with libflame and BLIS

SO: D — A*B S */

FLA Gemm( FLA NO TRANSPOSE,FLA NO TRANSPOSE,
S1: A—L*LT B FLA ONE, A, B, FLA ZERO, D );

FLA Chol( FLA LOWER TRIANGULAR, A );
S22B«—B*LT FLA Trsm( FLA RIGHT, FLA LOWER TRIANGULAR,

FLA TRANSPOSE, FLA NONUNIT DIAG,

S3:C« C—B*BT FLAONE, A, B )

FLA Syrk( FLA LOWER TRIANGULAR, FLA NO TRANSPOSE,
S4: X «— L-1*X FLA MINUS ONE, B, FLA ONE, C );

FLA Trsm( FLA LEFT, FLA LOWER TRIANGULAR,
FLA NO TRANSPOSE, FLA NONUNIT DIAG,
FLA ONE, L, X );

Supported by parallel BLAS, LAPACK (multi-thread BLIS)



SuperMatrix Approach

Implemented with libflame and BLIS

S0: D — A*B TS

551. /\ |_ *’l_T FLASH Gemm (
. —>
FLASH Chol (

S2: B« B*LT rLasH Trsm(
S3:C«—~C-B*B'

FLASH Syrk (
S4: X «— L1*X

FLASH Trsm(

FLA NO TRANSPOSE,FLA NO TRANSPOSE,
FLA ONE, A, B, FLA ZERO, D );

FLA LOWER TRIANGULAR, A );

FLA RIGHT, FLA LOWER TRIANGULAR,
FLA TRANSPOSE, FLA NONUNIT DIAG,
FLA ONE, A, B );

FLA LOWER TRIANGULAR, FLA NO TRANSPOSE,
FLA MINUS ONE, B, FLA ONE, C );

FLA LEFT, FLA LOWER TRIANGULAR,
FLA NO TRANSPOSE, FLA NONUNIT DIAG,
FLA ONE, L, X );

Tiny Code Change!

19



Free Lunch for Both Programmability *
and Performance!

Cholesky factorization on 4 x Intel Dunnington with MKL 10.2

250

SuperMatrix + serial MKL
—E— MKL dpotrf

—+— FLAME + multithreaded MKL
—— LAPACK + multithreaded MKL

2001

150

GFLOPS

100

50

0 2000 4000 8000 8000 10000
Matrix size

From libflame manual, 2011 -



Original SuperMatrix primarily targets at
multi-core shared memory system...
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A specter is haunting Europe -
the specter of communism.

~ Karl Marx
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A specter is haunting HPC
"Heterogeneous Platforms

~ Karl Matrix
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A specter is haunting HPC
"Heterogeneous Platforms

~ Karl Matrix
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Challenges in Heterogeneous Platforms!
» S0: ParGemm (A,A',D)

SO: D <« A*AT
SI:A—-L*LT « S1: L = ParPortf(A)

S2:B«—B*LT « S2: ParTrsm(L,B)
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S4: ParTrsm(L,X)

What if there is one accelerator in your system?

23
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Challenges in Heterogeneous Platforms!
» S0: ParGemm (A,A',D)

« S1: L = ParPortf(A)

S2: ParTrsm(L,B)

S3: ParSyrk(B,C)

S4: ParTrsm(L,X)

What if there is one accelerator in your system?
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Challenges in Heterogeneous Platforms!
» SO: ParGemm (A,A',D)

Memcpy (A, hA);
Memcpy (D, hD) ;
Memcpy (B, hB) ;
Memcpy (C, hC) ;
Memcpy (X, hX)

S1: L = ParPortf(A)

/*______________i ______________ */
« S2: ParTrsm(L,B)
« S3: ParSyrk(B,C)
omepy k. 101 e S4: ParTrsm(L,X)
/* ____________________________ Lll

What if there is one accelerator in your system?
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Challenges in Heterogeneous Platforms!
» SO: ParGemm (A,A',D)

Memcpy (A, hA);
Memcpy (D, hD) ;
Memcpy (B, hB) ;
Memcpy (C, hC) ;
Memcpy (X, hX)

S1: L = ParPortf(A)

S2: ParTrsm(L,B)

S3: ParSyrk(B,C)

omepy k. 101 e S4: ParTrsm(L,X)

What if there are 4 GPUs and 8 CPU cores in your system?



Adapting Original SuperMatrix
to Heterogeneous Platforms

* Software Cache

* Heterogeneous Scheduler

* Asynchronous Memory Copy

* Worker Task Performance Model



Naive Approach

PCIE
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Naive Approach
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Naive Approach

Transfer data from host to device before execution

i A B

- / PCIE

‘ b
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Naive Approach

PCIE

Transfer data from host to device before execution

Execute the task
. on the device

it :37,;

1= your P T
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Naive Approach

PCIE

Transfer data from host to device before execution

Execute the task
. on the device

it :37,;

1= your P T
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Naive Approach
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Transfer data from host to device before execution

Execute the task
on the device

Transfer data from device to host upon execution

26



Naive Approach

Transfer data from host to device before execution

i
@

Qg

oy /> PCIE Execute the task
sz [ floeer . on the device

N :37,;

1= your P T

Transfer data from device to host upon execution

No Data Reuse on the devices !
26



PCIE

Quintana-Orti, G., et al. "Solving dense linear systems on platforms with multiple hardware accelerators." In PPoPP
'09 Proceedings of the 14th ACM SIGPLAN symposium on Principles and Practice of Parallel Programming, 2009 27
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Quintana-Orti, G., et al. "Solving dense linear systems on platforms with multiple hardware accelerators." In PPoPP
'09 Proceedings of the 14th ACM SIGPLAN symposium on Principles and Practice of Parallel Programming, 2009 27



Software Cache

No need to transfer data from host to device before
execution if the data is already on the device

\
2 /> PCIE

Quintana-Orti, G., et al. "Solving dense linear systems on platforms with multiple hardware accelerators." In PPoPP
'09 Proceedings of the 14th ACM SIGPLAN symposium on Principles and Practice of Parallel Programming, 2009 27



Software Cache

No need to transfer data from host to device before
execution if the data is already on the device

\
2 /> PCIE

No need to transfer data from device to host upoh execution if the
data is not required by the host immediately

Quintana-Orti, G., et al. "Solving dense linear systems on platforms with multiple hardware accelerators." In PPoPP
'09 Proceedings of the 14th ACM SIGPLAN symposium on Principles and Practice of Parallel Programming, 2009 27
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Topcuoglu, H., Hariri, S., and Wu, M.. "Performance-effective and low-complexity task
scheduling for heterogeneous computing." IEEE Transactions on Parallel and Distributed
Systems, 13.3 (2002): 260-274. 28



S TE
f{maf |
\TEJV [
.... L\

HEFT(Heterogeneous Earliest Finish Tlme)

Timeline

Available Time

Where should we place Task 67

)

Task 6

Task 2 Task 3 Task 4 Task 5

ES

T(Earliest S

(L/)
{r—l-
rr-l'
:—I
(('D

Topcuoglu, H., Hariri, S., and Wu, M.. "Performance-effective and low-complexity task
scheduling for heterogeneous computing." IEEE Transactions on Parallel and Distributed
Systems, 13.3 (2002): 260-274. 28



S TE
f{maf |
\TEJV [
.... L\

HEFT(Heterogeneous Earliest Finish Tlme)

Timeline

Task 2 Task 3 Task 4 Task 5 Task 6

ES

T(Earliest S

(L/)
{r—l-
rr-l'
_|
| rm
(T
-l'l
=
II'I'I

arliest Finish Time)
Topcuoglu, H., Hariri, S., and Wu, M.. "Performance-effective and low-complexity task
scheduling for heterogeneous computing." IEEE Transactions on Parallel and Distributed
Systems, 13.3 (2002): 260-274. 28






Data Distribution

CHOL,

Ago€ Chol( Agyp)

AQ0O
Al10
All
A20
A21
A22

Ao$SALA

(T T = S N
©O o o o o o
©O o o o o o

SYRK,

A1,1 < A1,1 _A1,0 Al,O

GEMM,

A2,1 < A2,1 —-A ,

Scheduler

| cPu_| GPuo | GPuL

CHOLO

CHOL,
AL, Chol(A, ;)

TRSM1
TRSM2
SYRK3
GEMM4

SYRK5 HEFT assignment table
CHOL6

TRSM,

Ay <Ay A1,1_T

SYRK,
Az,z < Az,z - A2,1 A

TRSM7 Avail 0 0 0
SYRKS EST

CHOL9 EFT

Priority "



Data Distribution

CHOL,
Ago € Chol( Ay, )
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SYRK,
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GEMM,
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Scheduler

| cPu_| GPuo | GPuL
X

CHOLO

CHOL,
AL, Chol(A, ;)

TRSM1
TRSM2
SYRK3
GEMM4

SYRK5 HEFT assignment table
CHOL6

TRSM,

Ay <Ay A1,1_T

SYRK,
Az,z < Az,z - A2,1 A

TRSM7 Avail 0
SYRKS EST

CHOL9 EFT 15
Priority 1
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Data Distribution

CHOL,

Ayo< Chol( Ay, )
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SYRK,

A1,1 < A1,1 _A1,0 Al,O

GEMM,

A S A A,

Scheduler
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X

CHOLO

A< Chol(A; ;)

TRSM1 X
TRSM2
SYRK3
GEMM4

SYRK5 HEFT assignment table
CHOL6

TRSM,

Ay <Ay A1,1_T

SYRK,
Az,z < Az,z - A2,1 A

TRSM7 Avail 1.5 0 0
SYRKS EST 15 35 35

Priority 3 32



Data Distribution

CHOL,
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SYRK,
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GEMM,
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Scheduler
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X
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SYRK3
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SYRK5 HEFT assignment table
CHOL6

TRSM,
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SYRK,
Az,z < Az,z - A2,1 A

TRSM7 Avail 1.5 S 0
SYRK8 EST 1.5 5 3.5
CHOLOY EFT 5.5 6.5 5

Priority 2 3 >
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SuperMatrix Approach
on Heterogeneous Platforms

SO:D «— A*B e .

FLASH Gemm( FLA NO TRANSPOSE,FLA NO TRANSPOSE,
S1: A—L*LT B FLA ONE, A, B, FLA ZERO, D );
FLASH Chol( FLA LOWER TRIANGULAR, A ) ;
S2: B« B* LT FrLASH Trsm( FLA RIGHT, FLA LOWER TRIANGULAR,
FLA TRANSPOSE, FLA NONUNIT DIAG,

S3:C—C-B*BT FLA ONE, A, B );
FLASH Syrk( FLA LOWER TRIANGULAR, FLA NO TRANSPOSE,
S4: X «— | 1*X FLA MINUS ONE, B, FLA ONE, C );

FLASH Trsm( FLA LEFT, FLA LOWER TRIANGULAR,
FLA NO TRANSPOSE, FLA NONUNIT DIAG,
FLA ONE, L, X );

No Code Change!
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GFLOPS

Performance
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Conclusion
one ring to rule them all

libflame

SuperMatrix
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SuperMatrix Approach
on Heterogeneous Platforms

SO:D «— A*B e .

FLASH Gemm( FLA NO TRANSPOSE,FLA NO TRANSPOSE,
S1: A—L*LT B FLA ONE, A, B, FLA ZERO, D );
FLASH Chol( FLA LOWER TRIANGULAR, A ) ;
S2: B« B* LT FrLASH Trsm( FLA RIGHT, FLA LOWER TRIANGULAR,
FLA TRANSPOSE, FLA NONUNIT DIAG,

S3:C—C-B*BT FLA ONE, A, B );
FLASH Syrk( FLA LOWER TRIANGULAR, FLA NO TRANSPOSE,
S4: X «— | 1*X FLA MINUS ONE, B, FLA ONE, C );

FLASH Trsm( FLA LEFT, FLA LOWER TRIANGULAR,
FLA NO TRANSPOSE, FLA NONUNIT DIAG,
FLA ONE, L, X );

No Code Change!
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Related Work

Sequential LAPACK libflame
Sequential+multithreaded BLAS  LAPACK libflame
Multicore/multithreaded PLASMA Iibflam.egf%oerMatrix
Multicore+out-of-order scheduling PLASMA+Quark 15 e+SUqNatrix
----------------------------( 1 . %I--
: CPU + single GPU MAGMA . me+Su trix :
1 - I
I Multicore + multi-GPU DAGUE/StarPU/  libiy = 4~ . Matrix
| . J | :
[ XKaapi
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One Ring to rule them)all.
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